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ABSTRACT

The develomment of the plastic strain in a V-grooved flat plate
under longitudinal shear was followed from the elastic through the par-
tially plastic to the fully plastic condition for a non-strainhardening
material. The region of plastic flow develops monotonically. Adjacent
to the zone of deformation in the fully plastic case there is a region
where limited plastic deformation has occurred.

The results for the growth of the plastic zone were compared with
predictions based on the elastic-plastic solution for an infinite plate
and the elastic solution for a finite plate. Agreement is good at low
stress levels. At high stress levels, a relatively simple empirical e-
quation, satisfying overall equilibrium, is proposed. Predictions based
on elasticity theory alone are shown to be seriously in error.
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I. INTRODUCTION

For an understanding of fatigue it is desirable to know the dis-
tribution of plastic yielding at the tip of a groove or growing fatigue
crack. Since problems in longitudinal shear are more readily solved
then others, it was decided to study a circumferentially notched, thin-
walled tube loaded in torsion, which could be idealized as a grooved
plate loaded in longitudinal shear, as shown in Fig, 1. The plate, con-
taining an infinite V-groove in its face, is loaded with a shear stress
To parallel to the groove. The plate thickness is t, the groove depth
is ¢, and the semi-groove angle is @ . The material is elastic-plastie,
non-strainhardening with a yield stress in shear of k.

IT. ELASTIC-PLASTIC ANNALYSIS

Consideration of the case of an infinitely thick plate, given by
Hult and McClintock (1956), or of the limiting case of torsion as given
by Prager and Hodge (1951), leads one to postulate displacement only in
the direction of the axis of the groove, The equations of equilibrium
are satisfied if the components of stress are set equal to derivatives
of a potential function:

Tue =3 7,--09 (1)
dy = YE 3 x
In the elastic region Hooke's Law and the dependence of strains on the

one component of disrlacement then lead to the familer Laplace equation
for the stress potential ’

e 52
2 *ay? o *

subject to the boundary condition,

X,y x’y
¢ (X ,Y) 3/(%—? dx + g—;li d)’) =/(7‘ndy-zldx ’(3)

integrated around the boundary of the elastic region.

Equation 2 with its associated boundary condition, Eq. 3, applies
only in the region where Hooke's Law is satisfied and can be solved
only with a knowledze of the position of the elastic-plastic bouncary.
(llore precisely, it is not the plasticity but the non-linearity of the
stress strain relation which is critical in determining this boundary,

Manuscript released for publication by the author lMay 1, 19€1, as
an ASD Technical Renort.
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but the two conditions are identical for the material considered here.)
The need to know the elastic-plastic boundary is avoided by transforming
from space coordinates to stress coordinates. Since the Jacobian of‘?}z
and 7}2 with respect to x and y is non-zero, the continuity and equili-
brium equations can be written as

(71225_) ..(.31)1__ 0
617%2 Txz O Txv Tz

i

> (&)
37z /7, dTvz / Ixz
The second of these will be identically satisfied if the coordinates
are set equal to the partial derivatives of a potential with resrpect
to the components of stress:
X = aV’
a'7§z ‘7;z (5)
y =-(2 )
[
OTxz/ Tvz
From Eq. 4, the coordinate potential then must satisfy Larlace's
equation,
‘ai!yy £5Z!¢?
zt572=0, (€)
a 7&2 15'7;z
subject to the boundary conditlon
’?( ) 73:,7?:
Tz, T, /( dy
xz, ‘vz d7. + dr
Xz
37z 37z % (7)

Tz Tz g
( xd7xz = )’d7'irz) .

be ncted that the resultent siress I3 eqv
normel tC a rositicn ve**o* fror the =2
toundary excert <he rasnitude ¢ the sires: =z
tcsize the ~recve (Tb {s anown. Hguever, rem the continuity of
stress in snoce te shown that (GW/Asz ) is continvous

c (Txz = 0,7vz= Th), wnich
T

ermine 2 sclution.

This trensformeticn and the resultin- rc.ndary conditions are shown
in Pig. 7. In interrz<ing arcuné the elastisc-nlastic boundary it must
a.oal tre it
iy

o’ e yield stress and is
re grocve. The entire

ol 3¢
-
¥

.
v v
e} :nio:el~ de

D.e to this Indeterminate toundéary cinciticn, *the author was not

atie to find 2 cleseé rorm, 2nalytic soluiicn <o the prcolem. There-
5 - : f . )l o
fore the sclutiocn was cerrled cu* by machine comp.tzslcin- using relaxa-

These cermrutaticns were rerformed n vart at the M. I. 7. Comru-
tazion Center, Cartridre, !ess., and corpleted 2t the University Fathe-
matlical Laboratory, Cembridge, Engsland.
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tion techniques plus a provision for satisfying continulity of (3¢/67Yz)
across Jyz = Tb . To simplify computation, the sector-shaped area of
the stress plane was mapped conformally into a semi-infinite strip. Since
the zero stress point of the stress plane is a singular point of this
transformation, the boundary there wes replaced by a small circle of
radius 7&,0‘9(-577/2) and yl was simply called zero on this circle. The
number of cycles to obtain proper convergence and the accuracy of the
finite difference approximations were determined as outlined by Crandall
(1956). The degree of convergence was checked by performing extra

cycles in one case., The slopes of the potential function are accurate

to about 5% and are on the low side of the correct value. The results

of these computations are shown in Figs. 3 through 8.

Hult and McClintock (1955) have shown that in the plastic zone, the
strain consists of a single shear component normal to the position vector,
$. This shear component is given in terms of the yield strain, =l</t5,
and the distance to the plastic-elastic boundary ( R ), measured through
the point in question, by

Yez = Yy 12//t‘ . (8)

Therefore since the elastic-plastic boundary is known, the strain dis-
tribution in the plastic zone can be determined.

It can be scen from Fig. € that for any element, the strains are
monotonically increasing functions of the applied load. Therefore the
same result is obtained for eitrer non-linearly elastic or elastic-
plastic material.

Once the fully plastic state is reached, all further deformation
takes place on the nlane y = 0, as rredicted by a rigid-rlastic anaelysis.
It is observed that adjacent to the rlane of deformation in the fully
plastic state, a region of limited deformation exists as suggested by
Hi1ll (1950).

ITI. COMPARISON VWITH ELASTIC ANALYSIS

Since numerical computations are time consuming and do not afford
a compact summary of results, it is well to inquire how closely these
results might be anticipated from an elastic analysis coupled with the
elastic-plastic analysis of Hult and MeClintock (1956) for a plate of



infinite thicl.ness.

As shiovm by llliars (1957) Jor zero-anzle notches under tension or
transverse slear, Uhe stress distribution near the tip of the notch in
a body ol arbltrery siane can be characterized by a single parameter.
f*w‘lorly Jos o zero-oncle roove, or crach, under lonsitudinal shear,
1t and liellintoe (107.) found the elastlc stress distribution to be

= Kst‘.‘/zSin% o (9)

Tor the inlinite '%atn, the constont .? iz _lven in terns of the stress
at Lrintty (( Tog ) nd the cruc. det % (c) vy

Kin = To (c/z)‘/2. (20)

=
2

o)l i, the radius of the

‘ze of o cracik in an infinite solid

stoess Intensity factor, K,, of the
<

c(7o/K)%. (11)

~or Jor tle -lote o finite thicx-
on siollar Lo that used by ester-
8. 2rr~ 3 na rlrte :nder Lension.
Jor 1late flhicimess ldentical to
~I30 reco: anded Uy the AST: (190.0)

ne (12)

o2 Zon Tactor Is exact. In the
~, .oerse nom al "*“ess exists
. S ta - L

n Ttztewranrd's onelysis, but

e~ ~ vy e ~' At
cr ol cetwente 3 ceis,.

s inex eased
and 10, An
en t“e r.ini-
s that the ap-
add1n~ a cor-




Ro-c ‘Tﬂzzt e

/ N
K e tan 2t +Cl1-]1- %g—a . (13)

Choosing the exponent on the stress term to be 5, and the constant C to
give the prover limit gives

c’'= (t-c)(1—2—7‘rt,cl‘2 tan 3¢) . (14)

The results of the apuroxiuate rclation ziven by Zgq. 13 are plotted in
Figs. 3 through 5 and zive satisfactory agrecment with the nore exact
numerical soluvtion. It is also of interest to conpare these results
with the assumption that tl.e nlastic zone extends to the point where the
stress calculated on an elastlc busis reaches the yield stress, as re-
corqended by the A3D: (1900). In nmalin- the correction lor the finite
width of a plate, they sucsest tret the ellective crack lencth should
be talen to be the z2ctual craclk len;th ~l.g the radius Iro: the tin of
the crac!: to the elastic-ulastlc bounlary directiy ahead ol the crack,

c + RO. These ideas lead to ti.e equation

2
_ o (7Y 2t 7 (C+Ro) (15)

AS shown In Figse 3 throush 5 his arr-roninavion is unsctisfactory. 1In
the first nlace, at low stress levc™s it was showm bty MTult and lleClintock
(1957) trat this type of =nrroxiration jave results low by a ‘actor of
WO, Cn the otherhand, at Lipgh siress levels the equation is
unsatisiactory because it imniles that iren the rlastic zone reaches all
the way across the plate, the load carrying canacity has drorved to zero.
Zven wvithout tle ajnearance ol the term Tor the radius of the viastic
zone in the corrcction for ‘nite la.e width, the equation feils to
satis®y equilibriwm in the Zwlly rlastic ezse.  3ince this oijection
holds in the case ol a shect under itension ~s '7ell as a plate uvnder shear,
the tensile analos of Lg. 13 is to be nreferred.

A further disadvantage to tl.e above assunntion, that the boundary
© the plastvic zone is the point at which the elastic stress distribu-
tion reaches the yield stress, is seen on noting that such an assunp-
tion would indicate plastic Tlow occurring &long the flam: of the
croove, whercas 25 shown im FIzs. C through 8, the plastic zone actually
lles entirely anead of the cracii.



IV. CONCLUSIONS

1) 1In the fully plastic case, the strain in a singly-grooved
flat plate under longitudinal shear is concentrated along the minimum
section. As the plastic flow develops, however, small scale plastic
strain occurs in a monotonically increasing region on either side of
the plane of minimum cross section.

2) The extent of the plastic zone ahead of the groove, RO’ is
given in terms of the plate thickness t, the crack length or groove
depth x, the nominal applied stress, Tg , and the yield stress in
shear, k, by the equation

Ro=c(k) 2% tan ”f+c’(1—‘/1-(%°t1_5)5) ,

where the constant C: chosen to satisfy equilibrium in the fully
plastic case, is

= (t- )(1-2(t <) tan -g%) .

3) A corresponding equation, derived by a method recormended by
the ASTY, is in error by a factor of two at low stress levels, and is
even qualitatively incorrect at high stress levels.

L) within the plastic zone, the strain is given in terms of the
radius to the elastic-plastic boundary by

Yoz = ‘é’(%) .
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